Abstract-A novel vision-based method for the circle pose determination is addressed. This method is based on two particular projected chords of a circle image. The first one is the projection of a circle chord which subtends the largest apex angle of the viewing cone for the circle image and the second one is the projection of a circle diameter whose backprojection plane bisects the above largest apex angle. This method is conceptually simple, since the circle center is the center point of the diameter chord and the circle orientation is given by the cross product of these two (directed) chords. We present theorems on the geometry of both the viewing cone and a reprojected circle image which are essential to the pose determination. We then give a pose determination method which is applicable under all viewing conditions. Experimental results illustrate the good performance of the method, when compared with other existing methods.
Onceã andb have been computed it can be shown by direct expansion that (46) is equivalent to the following recursive algorithm. 
Once has been computed it can be shown by direct expansion that (45) is equivalent to the following recursive algorithm.
1) Initializationẑ n+1 = 0;n+1 = 0: In this article, we have presented a unified coordinate-invariant formulation of the dynamics of multibody open chain manipulators based on standard concepts from geometry and mechanics. One of the major benefits of our geometric formulation is that it provides a single unified framework to express ideas originally introduced by Silver, Featherstone and Rodriguez et al. in a clean, concise, and coordinate-invariant manner. We then showed that the resulting dynamic equations can be expressed recursively for applications requiring computationally efficient dynamics algorithms, or can be cast into closed-form for applications requiring high-level manipulation of the equations of motion. Moreover, the dynamic equations are formulated in a completely coordinate-invariant manner, and as a result are not bound to any specific set of local link reference frames in which to express the kinematic and dynamic parameters of the robot.
I. INTRODUCTION
The circular feature is a popular feature of industrial or manmade products. Therefore, estimating the three-dimensional (3-D) location and orientation of a circle with a known radius from its single perspective image is of fundamental importance. The major and minor axes of the ellipse are generally not the projections of any diameter of the circular object. In addition, the ellipse center is not the projection of the circle center, so the explicit geometric relations between twodimensional (2-D) image feature points and the 3-D object pose parameters are not readily available. Thus, man-made marking feature such as the circle center [1] or a diameter [2] was utilized in order to set up the equations needed in solving the object pose problem. On the other hand, there are approximation methods [2] - [3] that make simplifying assumptions to convert a complex problem to a simple one. For instance, an orthographic projection is used to replace the perspective projection, or the optical axis of the camera is assumed to pass through the center of the circular object. Recently, Safaee-Rad et al. [4] and Kanatani et al. [5] proposed exact methods for the circle pose estimation without using any marking feature or simplifying assumptions. These two methods are basically the same in terms of their problem formulations using the matrix form. In these two methods no explicit geometric relations between 2-D image feature points and the 3-D object pose parameters were employed. So, these methods are more or less an algebraic method which has no intuitive geometric interpretation. Besides, these methods break down when the viewing cone becomes degenerate, because no ellipse can be fitted to the line-shaped image.
We shall present a novel vision-based method for the circle pose determination. The circle pose parameters (i.e., circle center and circle orientation) are obtained directly through the determination of the 3-D positions of two particular chords of the circle from the circle image. To begin with, it is observed that a fixed viewing cone is formed jointly by the camera lens center G and the projected circle contour in the image plane. One chord (or its projected chord) is defined to be the one which subtends the largest apex angle at the apex G of the viewing cone. The other chord (or its projected chord) is defined so that its backprojected plane contains the bisector of the largest apex angle. We present theorems on the viewing geometry which are essential to the pose determination. Finally, we give a pose determination procedure which yields the closed form and exact solution(s). The method is applicable under all viewing conditions including 1) right viewing cone; 2) elliptical viewing cone; 3) degenerate viewing cone. And, it has a clear geometric interpretation.
The rest of this paper is organized as follows. Section II introduces the largest apex angle and the two particular chords. The important theorems on the viewing geometry are derived. Section III sets up the geometric equations to find the 3-D positions of endpoints of the two chords and their middle points. The closed-form solutions to the pose parameters of the circle are then given. Section IV presents the experimental results of the application of the method to the real images. Section V is the conclusion.
II. THE GEOMETRIC MODEL FOR OBJECT POSE DETERMINATION
The general perspective projection of a circle (i.e., a circular object) is an ellipse. However, the general perspective projection becomes circular if the camera optical axis is rotated such that it is perpendicular to the supporting plane of the circular object. When the camera lens center incidentally lies on the supporting plane of the circular object, the perspective projection degenerates to a line segment. A viewing cone is depicted in Fig. 1 . Here the apex of the viewing cone is the camera lens center G, and the perspective projection of the circular object is denoted by E . It will be shown that there exists an apex angle of the viewing cone which is the largest, called the largest apex angle (LAA). Let the chord of the ellipse E subtending the angle LAA be chord pq and let its corresponding chord on the circular object be chord P Q. Next, denote the supporting plane containing the apex G and chord pq (or P Q) as plane PLAA . The unit vector along the bisector of the angle LAA can be found to bew ( LAA intersects the ellipse E and the circular object on chords bc and BC , respectively. Also, let the bisector of the angle LAA intersect the image plane at point m and the circular object at point M . Now, imagine that the camera optical axis is rotated such that the new optical axis, the Z 0 -axis, is in the direction ofw defined above. Also let the new x 0 -and y 0 -axes be so arranged that they are respectively in the directions ofũ andṽ. Then, the perspective projection of the circular object on the image plane specified by Fig. 3 ). We shall show the conditions for existence and uniqueness of the angle LAA and the geometric properties of the new ellipse E 0 . These results will be used in the object pose determination.
In the following it is assumed that the distance between the apex of the viewing cone and the closest circular object point is 1042-296X/99$10.00 © 1999 IEEE larger than the object radius. This assumption holds in the practical applications. Furthermore, in Theorem 1 the viewing cone is assumed to be an elliptical cone, not a circular cone. That is, the camera lens is not right above the circular object center. The circular cone will be shown as a special case. We shall also refer to the family of all chords of the circular object which have an identical length L as a set denoted by fChords (L)g and the family of the apex angles subtended by the chords in fChords (L)g as the set fApex-Angles-Opposite-To-Chords (L)g. In Fig. 2 , a perpendicular line, GH is constructed from the cone apex G to the circular object plane, where point H is the intersection point on the object plane.
The middle points of the chords in the set fChords (2l)g form a concentric circle centered at the circular object center O. The line HO generally intersects the concentric circle at two points, denoted by M and S. Let the chord tangent to the concentric circle at point M be denoted by chord P Q. Then, P Q is perpendicular to line HO and point M is the middle point of P Q. In addition, P Q is perpendicular to the line connecting points G and M . Furthermore, point M is closest to both points H and G among all the middle points of chords in the set fChords (2l)g and M is unique, if the viewing cone is a general elliptical cone.
Theorem 1 In a general elliptical viewing cone a chord in the set fChords (2l)g subtends the largest apex angle in the set fApex-Angles-Opposite-To-Chords (2l)g, if and only if the following conditions hold: 1) the chord is perpendicular to the line connecting the chord middle point and the cone apex; 2) the chord middle point has the shortest distance to the cone apex among all middle points of chords in the set fChords (2l)g.
Proof: (a) To show the "if" part: Assume a chord P Q satisfies conditions 1) and 2). If the chord P Q does not subtend the largest apex angle, then there must exist another chord, denoted as chord KL, which subtends the largest apex angle 6 KGL. Denote the middle points of chords KL and P Q as points N and M , respectively. Since point M is the unique point which has the shortest distance to the cone apex G among all the middle points, so jGMj < jGNj. To compare the magnitudes of angles 6 KGL and 6 P GQ, we overlap the supporting plane of the angle 6 P GQ with that of the angle 6 KGL such that points M and N coincide. Since line M G < N G, the two lines no longer meet at point G, after we overlap the other two endpoints M and N . We redenote M G by M G1 and N G by N G2. The coordinates of the above points can be assigned as M = N = (0; 0); G 1 = (0; e); G2 = (0; e 0 ); P = (l; 0); Q = (0l; 0); K = (l cos ; l sin ), and L = (0l cos ; 0l sin ), where is the angle between KL and P Q and l > 0; e 0 > e > 0. Then
2 )=(l 2 + e 2 ); and
2 )= (l 2 + e 2 ) 2 0 4le sin 2 :
Here, e is the distance from the apex G (i.e., G 1 ) to the circular object point M . By assumption, e 0 > e > R l, so cos( 6 KG2L) > cos( 6 KG 1 L) cos( 6 P G 1 Q). Thus 6 KG 2 L < 6 P G 1 Q. This is contradictory to the assumption that 6 KGL is the largest apex angle. Therefore, 6 P GQ must be the largest apex angle.
(b) To show the "only if" part: Assume the chord IJ subtends the largest apex angle. If the chord IJ does not satisfy conditions 1) or 2), then we shall show there is a contrasiction.
Case (i): If condition 1) is not satisfied by the chord IJ, then there exists a chord P Q which satisfies condition 1). Using the same reasoning as in part (a) except that KL is replaced by IJ, we can show that the apex angle subtended by chord IJ is smaller than that subtended by chord P Q. This is a contradiction. Therefore, condition 1) must be satisfied.
Case (ii): If condition 2) is not satisfied by chord IJ, then there exists a chord P Q whose middle point has the shortest distance to the cone apex G among all middle points of chords in the set fChords (2l)g. Again, it can be shown that the apex angle subtended by chord IJ is smaller than that subtended by chord P Q. This is a contradiction. Therefore, condition 2) must be satisfied. This completes the proof.
Theorem 2 If the viewing cone is a right circular cone, the largest apex angle (LAA) is not unique and can be subtended by any diameter of the circular object. Otherwise, the angle LAA is unique and is not subtended by any diameter of the circular object.
Proof: (a) If the viewing cone is a right circular cone, then the apex angles subtended by all diameters are equally large and they are larger than that subtended by any nondiameter chord. Therefore, the angle LAA is not unique and can be subtended by any diameter of the circular object.
(b) If the viewing cone is not a right circular cone, namely, it is a general elliptical cone. According to Theorem 1, if the chord P Q subtends the largest apex angle among the chords of a certain length, then the line M G connecting the middle point M of P Q and the apex G is perpendicular to P Q. In the 3-D objectcentered coordinate system, as shown in Fig. 2 , we can assume Next, let lines PT and QT be two tangent lines to the circular object at points P and Q, where point T is the intersection point of these two tangent lines, as shown in Fig. 2 After substituting the value of v M into the equation, 00! GM 1 0! GT = 0.
Therefore, the line GT is parallel to the image plane. Next, to show that the tangent lines l1 and l2 are parallel: assume lines l1 and l2
intersect, then their intersection point must lie on the common line of planes PGT and QGT which is the line GT . However, the line GT is parallel to the image plane on which lines l1 and l2 lie, so it is contradictory to the assumption that lines l 1 and l 2 intersect on line GT . Thus, lines l 1 and l 2 must be parallel. This completes the proof of the theorem. After we obtain the 3-D feature points on the circle, we can readily compute the 3-D circle pose parameters as follows. 
III. CIRCLE POSE ESTIMATION BASED

IV. EXPERIMENTAL RESULTS
The experimental setup contains an ELMO SE320 CCD camera and a 512 2 480 frame grabber with a 8-bit resolution. The size of pixels is 0.01 mm. The camera aspect ratio is 1:212 : 1; the effective focal length is 31.6 mm. The object is kept at a distance of about 1 m in the experiments. We shall compare three different methods for the circle pose determination: 1) our method (a geometric method); 2) Kanatani and Liu's method (an algebraic method); 3) Kabuka and Arenas' method (an approximation method). Three input images of a CD are shown which correspond to a general view in Fig. 4(a) , an elongated view in Fig. 4(b) , and a view with an outlier (due to object touching) in Fig. 4(c) . We obtain the contour map data for each image using a method based on the edge/border coincidence information described in [8] . In order to select the desired elliptical contour, the pre-specified length intervals of the two ellipse principal axes are used to examine the contour shape. The selected contours, which are marked in white color, are superimposed onto the original images. Due to the page limit, we cannot go through the details; one may refer to [9] for the details. After the contours are selected, the ellipse fitting program [6] was used to find the ellipse from the selected contour for the Kanatani and Liu's method. Our pose determination method and the other two exiting methods are applied to the elliptical contours extracted from each image. The experimental results of the three pose parameter estimation methods are listed in Table I . The position and surface orientation differences are calculated relative to our results. In the case of a general view, the estimation results obtained by our method and the Kanatani and Liu's method are roughly the same. This is so because both methods yielded the exact solutions. However, the Kabuka and Arenas' method yields a larger estimation error. This is due to the approximations made in the method. In the case of an elongated ellipse, the experimental result shows some differences among the methods. The error of the Kanatani and Liu's method is caused by the inaccuracy in the ellipse fitting. This confirms the finding in [7] ; namely, an ellipse fitting method generally has the effects of over-or under-estimated eccentricity of the fitted ellipse. Meanwhile, the Kabuka and Arenas' method, which are based on the lengths of the major and minor axes, yields the less accurate results again. In the case of a view with an outlier, the outlier causes the error in the ellipse fitting in the Kanatani and Liu's method and hampers their estimation accuracy. Nevertheless, our method still yields the same good result, since the outlier part is not used in our computing the 2-D and 3-D feature points.
We also test the sensitivity of our method against the noise due to the data acquisition and image processing error. The x and y coordinates of feature points are added with a Gaussian noise with zero mean and a standard deviation of 1, 2, or 3 pixels to simulate the effect of the noise on our method. Each perturbation simulation is repeated for 1000 times. For the given three Gaussian noise distributions the standard deviations of the circle center location and the surface orientation are 6.29, 12.91, and 18.63 mm and 1.63, 3.10, and 4.61 degrees, respectively. Therefore, the estimation method is fairly robust.
V. CONCLUSION
We describe a circle pose determination method which is directly based on two particular chords of the circular object. The corresponding 2-D feature chords can be defined through the use of two particular planes related to the 3-D viewing cone constructed from the image of the circular object. One plane is the supporting plane PLAA of the largest apex angle of the viewing cone, and the other is the plane P ?
LAA which is perpendicular to plane P LAA on the bisector of the largest apex angle. Based on the geometric properties of the 2-D and 3-D feature points of the circular object, we can derive the closed-form solution to the circle pose problem. The generality of the proposed method is also shown for all three types of viewing conditions. Experimental results on the real data illustrate a better performance of the method. The original version, as described in [1] , was applicable to a system comprising a fixed base and N rigid bodies, connected together in an unbranched chain by joints from a restricted class of joint types. This was subsequently extended to floating bases in [2] . This paper presents a new formulation of the CFA that corrects a major limitation in the original formulation, and sheds new light on the relationship between the CFA and other dynamics algorithms. It also presents an improved method for dealing with floating bases that is easier and more efficient than the method described in [2] ; and it extends the CFA to branched kinematic trees consisting of a single main chain and any number of short side-branches. Floating bases are implemented by means of a 6-DoF joint, and short branches are implemented using articulated-body techniques.
The original formulation, as described in [1] , includes an incorrect usage of orthogonal complements. Specifically, the inner product that is used to define orthogonality is noninvariant and dimensionally inconsistent. See [3] for a full explanation of the problem. In [1] , the problem is finessed by observing that if the algorithm is restricted to certain types of joint then it is possible to formulate the affected (6) and (7) in such a way that the coefficients of the dimensionallyinconsistent terms are zero. The new formulation removes the source of the problem by avoiding orthogonal complements altogether. The immediate result is to remove all restrictions on joint type.
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